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Sets of experimental data, with known characteristics and error structures, have been simulated for the
Michaelis-Menten equation plus a second term, either for linear transport or for competitive inhibition. The
Michaelis-Menten equation plus linear term was fitted by several methods and the accuracy and the precision
of the parameter estimates from the several methods were compared. The model-fitting methods were: three
for least-squares non-linear regression, computer versions of two graphical methods and of two non-paramet-
ric methods. The most precise and accurate method was that of D.W. Marquardt (J. Soc. Ind. Appl. Math, 11
(1963) 431-441). The Michaelis-Menten equation with competitive inhibition was also fitted by several
methods, viz., two for least-squared non-linear regression, a non-parametric method and four variants of the
Preston-Schaeffer-Curran plot (Preston, R.L. et al. (1974) J. Gen. Physiol. 64, 443-467). The most precise
and accurate of these was the non-linear regression method of W.W. Cleland (Adv. Enzymol. 29 (1967)
1-32). For both these models, the various graphical methods and non-parametric methods gave poor results

and are not recommended.

Introduction

Kinetic analysis is now well established as a
means for studying membrane transport processes.
Of the several types of transport process known to
be present in membranes, two are of particular
interest in this study. The first of these consists of
two components: one saturable and having the
characteristics described by a Michaelis-Menten
equation, the other non-saturable and apparently
linear with respect to substrate concentration (see
Ref. 1). The second type consists of a single
saturable component, but the transport of one
substrate is inhibited competitively by the pres-
ence of a second [2]. Analysis of such transport
processes therefore requires the fitting of a
Michaelis-Menten equation plus either a linear
term or a term for competitive inhibition to the
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data in order to calculate the three parameters
defining the transport process.

Graphical methods have been extensively used
for fitting both these models to experimental data.
The most common method for the first model is
still that of Neame and Richards [3], although
Matthews et al. have recommended an alternative
method based on the Preston-Schaeffer-Curran
plot [2,4]. More recently, the use of least-squares
non-linear regression has been advocated [5,6].
The second model is usually fitted by a graphical
method [7], although non-linear regression meth-
ods have been available for many years [8,9]. The
advantages of non-linear regression include the
elimination of statistical bias, which is inevitably
introduced on transformation of data into a linear
form, and the elimination of subjectivity inherent
in drawing straight lines by eye. Over the past few
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years there has also developed an interest in
‘robust’ methods (i.e., methods insensitive to wrong
weighting or the presence of outliers) and, of these,
non-parametric ones have been used most fre-
quently [10}. However, this approach has not, until
now, been used for fitting the Michaelis-Menten
equation plus either a linear term or a term for
competitive inhibition.

It is well known from other studies (cf. Refs. 11
and 12) on fitting various models to biological
data that many of the available methods can give
biased and inaccurate parameter estimates. This
paper describes a similar comparison in which the
two models described above were fitted to artifi-
cially generated data of known characteristics and
error structure. For the first model the methods
used were the graphical methods of Neame and
Richards [3] and of Matthews [4], three different
least-squares methods and two non-parametric
methods. For the second model the methods were
two different least-squares methods, a non-para-
metric method and four variants of the Preston-
Schaeffer-Curran plot [2].

The results of this study are in general agree-
ment with work done on various other biological
equations, namely that, assuming one of these
models is appropriate for a particular type of
experiment on a transport process, least-squares
non-linear regression will give the most accurate
and precise values for the parameters, whereas
graphical methods using linear regression will give
poor values.

Methods

Michaelis-Menten plus linear term

Simulated data. Two different sets, A and B, of
error-free data for (s, v) were used. They were
both generated from the equation

V-s

=m+k-s (1)

v
with V=K =10 and k=0.2. Both series had
eight datum points. For series A, s = 0.2, 0.4, 0.6,
0.8, 1.0, 1.5, 2.0 and 4.0 and for series B, s = 0.25,
0.5, 1.0, 2.0, 4.0, 8.0, 16.0 and 32.0. Previous
experience with fitting this equation indicates that,
in order to estimate all three parameters accurately
and precisely, a well-designed experiment should

produce data in which s and v show an approxi-
mately linear relationship over a large portion of
the range of 5. The results of this study support
this view. Fig. 1 shows that series A was curved
over its entire length and therefore represents a
poorly designed experiment, whereas series B was
approximately linear for three-quarters of its length
and would represent a well-designed experiment.

‘Experimental’ data (i.e., data containing error)
were simulated as previously described, using series
of pseudo-random normally distributed numbers
of known mean and S.D. [11]). The only minor
change was that the subroutines GOSCCF and
GOSDDF from the NAG Library were used to
generate the pseudo-random numbers. Two types
of error were present and they were chosen to
represent the two extremes of the sort of error
likely to be found in practice:

(i) NS5: normally distributed relative error (i.e.,
error which is proportional to the dependent varia-
ble) with a coefficient of variation of 5%.

(i)) O5: as for NS, except that 10% of the points
(chosen at random) were outliers with a coefficient
of variation of 10%.

Thus, four series of data sets were generated and
each contained 1000 sets of data.

Curve-fitting methods. Three least-squares meth-
ods were used: the methods of Davidon [13] and
Fletcher and Powell [14], as described by Atkins
[15]; Marquardt’s method [16); and the Taylor
expansion method described by Cleland [9]. Since,
in the field of transport kinetics, the error struc-
ture of the data [17] is often unknown, the com-
mon practice of weighting the data equally was
followed (but see Ref. 18). Three computer pro-
grams were written for two commonly used
graphical procedures. The first was the curve-peel-
ing method described by Neame and Richards ]3]
for which I used Wilkinson’s method for fitting the
Michaelis-Menten equation [19]. The second
method was that adapted by Matthews [4] from
the one described by Preston et al. [2]. In addition,
a program for an interative version of the Neame
and Richards method was written and used. Two
versions of a non-parametric method (i.e., a method
that does not assume any type of distribution for
the error) were also used. They are based on
solving sets of linear algebraic equations as fol-
lows.
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Fig. 1. Perfect values for the data sets used to test the fitting of a Michaelis-Menten equation plus linear term. B represents a
well-designed experiment with many points on a linear portion, whereas in A the points lie on a curve and represent a poor

experiment.

Eqn. 1 can be written as
Ves— K v+k-s?2+K k-s=ov-s
or
05— K v+k-s?=v-s 2)
where
0=V+K_k

If three datum points (s, v;; $,, 0y; §3, U3) are
inserted into Eqn. 2 in turn, the set of three linear
algebraic equations so formed can be solved for 6,
K, and k. From these parameters, V can also be
calculated: V= (8 — K, - k). By taking all the pos-
sible combinations of three datum points out of
eight, 56 estimates of V, K and k are obtained.
This is an extension of the non-parametric method
described by Eisenthal and Cornish-Bowden [20]
for fitting the Michaelis-Menten equation. In the
first version of the technique, the individual values
of V, K, and k were each ranked in ascending
order and the median of each then found. For the
second version, a 20% trimmed mean of the indi-
vidual estimates was calculated. To do this, the

lowest 20% and the highest 20% of the ranked
estimates were discarded and a mean was calcu-
lated from the remainder.

Each method was used with the 1000 data sets
within each series. The mean with its S.E. and the
median with its 95% confidence limits were calcu-
lated for V, K, and k.

Michaelis-Menten equation with competitive inhibi-
tion

Simulated data. Three sets, C, D and E, of
error-free data for (s, i, v) were generated using
the equation

v=V-s/(K, +s)
where
K=Ky (1+i/K;) (3)

For the data in series C, V=K, ,=1.0 and K;=
5.0, s=0.6, 1.4, 2.2, 3.0 and 3.8; and i = 0.0, 2.0,
2.5, 3.33, 5.0 and 10.0.

For series D, V=K, = K,;=1.0; s= 1.0, 3.0, 5.0,
7.0 and 9.0; and i = 0.0, 10.0, 12.5, 16.67, 25.0 and
50.0.

For series E, V=K _=1.0 and K, =0.2; s =0.25,
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0.5, 1.0, 2.0 and 4.0; and i=0.0, 0.11, 0.14, 0.2,
0.33 and 1.0.

A wide range of parameter sets is possible and,
since it is impracticable to study a large number,
three representative sets were chosen. All had V =
K, but the ratios for K,/K,, were 5.0, 1.0 and
0.2. Series C and E correspond to good experimen-
tal designs for estimating the parameters by least-
squares methods, whereas series D corresponds to
a good experimental design for analysis by the
Preston-Schaeffer-Curran method. This gave 30
datum points for each data set. 500 data sets were
generated for each series.

Curve fitting. Two least-squares methods were
used, those of Marquardt [16] and Cleland [9]
mentioned above. Egn. 3 was fitted to all 30
datum points at once, rather than by replot meth-
ods (for example, Ref. 7). A non-parametric
method was also developed as follows. Eqn. 3 can
be rearranged to give:

sco-Ki+v-K -Ki+o0-i-K_ —s-V-K,=0
and then to
Vis—Kyv—mvi—s50v=0 4

where n = K /K. Thus if three datum points are
inserted into Eqn. 4 in turn, a set of three linear
algebraic equations is obtained. These can be
solved for V, K and 7; and from these K, = K /7.
Again, all the possible combinations of three datum
points out of 30 were used to obtain a large
number of estimates of V, K, and K,; the median
was used as the final answer. In this particular
example of a non-parametric method, many of the
solutions are singular and were therefore not at-
tempted (e.g., when s; = 5;, etc.).

The graphical method of Preston et al. [2] re-
quires two linear plots. The first is for the equation

vO/(vnp—ui)_l'O:(Ki(Km+S)/Km)'(l/i) (5)

where v, is the initial velocity without inhibitor
and v; is the initial velocity in the presence of
inhibitor at concentration i. From a plot with
vy/(vg — v;) as the dependent variable and (1/i)
as the independent variable, the slope (¢) gives an
estimate of K,(K, + s)/K,, whence

§=K, +(K,/K,)s

A secondary plot of £ vs. s allows K; and K, (but
not V') to be calculated. Four variants of this
method were programmed for the computer. In
each of them, both straight lines were fitted by
linear regression. In two variants the primary plot
was constrained to pass through the origin as in
Eqgn. 5 and in the other two a non-zero intercept
was allowed. Weighting factors for both linear
regressions were calculated (see Cleland [9]) and
they are of the form (v, —v;)*/(v,- v;)? for the
primary plot (constant relative error) and
1.0/(SE(§))? for the secondary plot. Two variants
used the correct weighting as described above and
the other two used equal weighting for both plots.
Thus, four variants of the basic method were used.
Each method was used with the 500 data sets
within each series, except that for the non-para-
metric program, where the amount of computer
time needed is relatively much longer, only 100
data sets were used. The mean and its S.E., and
the median and its 95% confidence limits were
calculated for V (where calculated), K, and K.

Results

Tables 1 and II present the results of this study
in concise form. They show the mean values of the
estimated parameters (V, K, k and K, as ap-
propriate) together with their standard errors and
their median values. In the calculation of these
values, estimates which fell outside certain limits
were discarded because the method was deemed to
have failed. The ranges were: for V and K,
0.25-4.0; for k, 0.05-0.8; and for K,, 1.25-20.0,
0.25-4.0, or 0.05-0.8. The acceptability of the
results were assessed by three criteria: the preci-
sion (as measured by the S.E.), the accuracy (as
measured by the lack of bias) and the number of
failures. Bias is assessed by how close the median
is to the known ‘true’ value.

Michaelis-Menten equation plus linear term

Table I shows the results when this equation
was fitted to simulated experimental data by
several methods. Comparison of the results from
the three least-squares methods shows that the
method of Davidon, Fletcher and Powell gave the
most precise estimates (i.e., the smallest S.E.s),
whereas the methods of Marquardt and Cleland
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both gave less precise values and resulted in more
failures. On the other hand, Marquardt’s and Cle-
land’s methods gave less biased (i.e., more accu-
rate) answers than the Davidon, Fletcher and
Powell method. All three methods appear not to
have been sensitive to outliers.

The three graphical methods all gave strikingly
poor results with the data of type series A. In the
majority of cases for this type, the medians were
significantly different from the theoretical value.
This was not unexpected, because there were in-
sufficient data at high values of s to define suffi-
ciently well a linear portion to the curve. With the
data from series B, the method of Neame and
Richards gave precise and accurate values, except
that the presence of outliers caused the answers to
be biased. When the method was used in an itera-
tive manner, the precision was unchanged but now
unbiased estimates were obtained when outliers
were present. Matthews’ method gave poor results
with all the series of data. The precision was poor
(i.e., the standard errors were large), there was an
unacceptably large number of failures, and biased
values were often obtained even when no outliers
were present.

The non-parametric methods also gave poor
results with data of series A. With data of series B,
the unmodified version was precise, gave only one
failure and indeed gave the best results of any
method with this series of data. The modified
version was less satisfactory because some parame-
ter estimates were biased. Neither version was
sensitive to outliers.

Michaelis-Menten equation with competitive inhibi-
tion

Table II shows the results when this equation
was fitted by several methods. The results from the
two least-squares methods show that with two of
the series of data, both methods gave accurate and
precise estimates. However, with series D, al-
though Cleland’s method gave very good results,
that of Marquardt gave less precise (and some
biased) values. With data from series C and E, the
non-parametric method gave good results for K,
and K, but poor results for V. However, for series
D all the resuits were poor.

The results obtained by using the various meth-
ods based on that of Preston et al. [2] are also
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given in Table II. None of the methods gave good
results with data of series C. With data of series D
(and to a lesser extent series E) the published
method worked well. However, the results from
methods which tried to improve upon the original
method gave either less precise values or less accu-
rate values, or both. Why the use of correct weight-
ing should yield results which are worse is not
known.

Discussion

At present, most experiments on transport
kinetics are not designed in such a manner that
standard deviations can be calculated at each data
point. Therefore any curve fitting procedures that
are used, in general, assume equal weighting of the
data. Experience from other fields suggests that
the error structure of most experimental data is
complex [21]. Although in the area of transport
kinetics it is known that error in the data increases
in some fashion with the rate of absorption, no
quantitative analysis has been done to determine
an algebraic relationship. During the simulation of
‘experimental’ data for use in this study I have
caused the error to be relative, i.e., the magnitude
of the error was proportional to the absorption
rate. Normally during any curve-fitting procedure,
the weighting given to the data should be related
to the type of error present in the data. The
weighting I have used, where appropriate, was not
correct for the simulated data, but I believe this
approach is justified because it conforms to cur-
rent practice.

Michaelis-Menten equation plus linear term

Data of series A represented a poorly designed
experiment in that there were insufficient data at
high values of s to give a linear section in a plot of
v vs. 5. It is apparent that none of the methods for
fitting Eqn. 1 gave accurate and precise estimates
for the parameters V" and K. The two best meth-
ods (equally effective) were those using least
squares, and it might be that if the data had been
correctly weighted (as they theoretically ought to
have been) they would have given better results.
Data of series B represented a well-designed ex-
periment and, as expected, all the methods per-
formed better than with series A. Marquardt’s
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method was the best of the least squares methods
because it not only produced more accurate and
precise values, but also was resistant to outliers
and produced fewer failures. The method of Neame
and Richards [3] was marginally better, but only if
used iteratively, i.e., the graphical version itself
was inadequate.

It is difficult to give guidance as to the best
method to use in future work where a wide range
of data types will be encountered. In this survey,
the least-squares method of Marquardt was the
most successful of those investigated. It might
perform better than predicted here if experiments
are designed to allow the curve fitting to be cor-
rectly weighted ~ for example, if it were possible
to obtain sufficient replicates at each datum point.
On the other hand, the various graphical methods
and non-parametric methods gave poor results.
The least successful was that of Matthews. Al-
though his principle of ‘self-inhibition’ may be a
useful approach to the kinetic study of transport
processes, his graphical method is unsuitable be-
cause the graphical plot of Preston et al. [2] is a
poor method for analysis of the data.

Michaelis-Menten equation with competitive inhibi-
tion

The results in Table II show that the method of
Preston et al. [2] did not give good parameter
estimates with any of the types of data. Although
it gave accurate and precise estimates of K and
K;, the method only did so when the ‘experiment’
was designed with this method of analysis in mind,
ie, with all s> K_ and all i>K,. It is also
apparent that modifications to this graphical
method did not lead to improved performance.
Hence, it is unlikely that the method of Matthews
can be altered to give more precise and accurate
estimates for ¥ and K., over a wide range of
experimental designs. A puzzling feature is that
weighting the Preston-Schaeffer-Curran plot gave
worse, not better, results. The reason may be that
in the derivation of weighting factors an ap-
proximate method [19] is used and perhaps the
assumptions used in this approximation are not
valid. It is also obvious from Table II that, as for
the competitive inhibition of an enzyme-catalysed
reaction, the most suitable method for estimating
V, K. and K, is to fit Eqn. 3 by the non-linear

regression method of Cleland using all the data at
once.

The results in both tables demonstrate that
when an experiment was well designed with a
particular method of data analysis in mind, i.e.,
the substrate concentrations were spread over a
suitable range, the parameters were more precisely
and more accurately estimated than for less well-
designed experiments. It must be emphasized that
good statistical analysis will not compensate for
poorly designed expeirments or poor quality data.
Although good kinetic analysis is essential, it must
be stressed that there can be limitations to its use
[6]. For example, two or more quite different mod-
els often appear to fit well to the same data and it
is impossible to distinguish between them even
with very precise data [22]. Also, kinetic analysis 1s
a very indirect method and transport is a2 complex
multi-stage process, so that considerable caution is
needed in attributing physical interpretations to
kinetic parameters. In particular, K, and K; must
not automatically be regarded as inverse affinity
constants for carrier-substrate binding.

Conclusion

This survey shows that non-linear regression
using a least-squares method is of most general
value when the Michaelis-Menten equation plus a
linear term is to be fitted to experimental data for
transport kinetics. The three methods tested gave
slightly different results and a decision as to which
would be the better one to use depends on the type
of data set. Overall, Marquardt’s method was the
best. It is probable that if the linear section of the
v vs. s curve could be reasonably well defined and
if the S.E. of the data points could be determined
(so that weighting factors could be used in the
non-linear regression), then all three least-squares
methods would give better, and possibly similar,
results.

This survey shows that the non-linear regression
method of Cleland, correctly weighted if possible,
should be used when fitting the Michaelis-Menten
equation plus a term for competitive inhibition.
This is consistent with advice given in the field of
enzyme kinetics.

The results of using the non-parametric method,
the method of Matthews and the Preston-



Schaeffer-Curran plot for these two models were
disappointing. Neither precise nor accurate esti-
mates were consistently obtained for the three
parameters of each model.
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